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1. Introduction
All graphs considered in this paper are finite, undirected, simple and connected. A graphΓ is said to be arc-transitive if its
automorphism group Aut(Γ ) acts transitively on the arcs ofΓ ; if this action is regular, we say thatΓ is arc-regular. Similarly,
a graph is said to be 2-arc-transitive if Aut(Γ ) acts transitively on the 2-arcs ofΓ , where a 2-arc is an ordered triple of distinct
vertices (u, v, w) such that v is adjacent to u andw. The census of tetravalent 2-arc-transitive graphs of small order [20] will
often be referred to and graphs denoted by A[m, n] in this paper are described there under the same notation. Whenever
Aut(Γ ) has a subgroup isomorphic to a group G, we say that the graph admits G. Among arc-transitive graphs, those of
valency 3 have been studied the most (see [3,19,28]). However the tetravalent case has recently received much attention as
well; for the 2-arc-transitive tetravalent graphs see [20,29] and for the arc-transitive but not 2-arc-transitive graphs see for
example [8,9,18,25]. As an application of theoretical results obtained in [22], a complete census of arc-transitive tetravalent
graphs up to order 640 was recently computed (see [21,23]).
One of the most popular lines of research in this area is classifying families of arc-transitive graphs of prescribed valency
and type of order. For example, a classification of cubic arc-transitive graphs of order kpwith k ≤ 10 was obtained in [4–6]
and a classification of tetravalent arc-transitive graphs of order 4p or 2p2 can be found in [31,33].
The situation is more complex for the case of orders that involve two variable primes, such as pq, 2pq, etc. Orders of the
form pq have been dealt with in the much broader setting of all vertex-transitive graphs independently in [16,26]. Zhou
and Feng classified all tetravalent arc-regular graphs of order 2pq [32]. In this paper, a complete classification of tetravalent
arc-transitive graphs of order twice a product of two distinct odd primes is given. To complete it, we used the classification
of finite simple groups.
One more definition is needed before stating the main theorem. Groups with no nontrivial abelian normal subgroups
(or equivalently no nontrivial solvable normal subgroups) will play a special role; for them we adopt the terminology from
[27, Chapter 3.3.] and call them semisimple.
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Table 1
Graphs of order twice a product of distinct odd primes admitting
an arc-transitive semisimple group G.
Γ |V (Γ )| GΓ (v)v G Description
A1[30, 3] 2 · 3 · 5 C4 S5 L(cdc(F10))
A2[30, 1] 2 · 3 · 5 C22 S5 cdc(L(F10))
A1[30, 2] 2 · 3 · 5 C4 S5 D(F10)
A1[30, 5] 2 · 3 · 5 C22 S5
A1[42, 3] 2 · 3 · 7 C4 PSL(2, 7) L(F28)
D4 PGL(2, 7)
A1[42, 5] 2 · 3 · 7 D4 PGL(2, 7)
A2[70, 1] 2 · 5 · 7 S4 S7 cdc(O(4))
A2[110, 1] 2 · 5 · 11 A4 PGL(2, 11) Y(5, 22; 5, 11)
A2[182, 2] 2 · 7 · 13 A4 PGL(2, 13)
A2[506, 1] 2·11·23 A4 PSL(2, 23)
A2[506, 2] 2·11·23 A4 PSL(2, 23)
A2[506, 3] 2·11·23 A4 PSL(2, 23)
T2162 2·23·47 S4 PSL(2, 47)
Table 2
Graphs of order a product of distinct odd primes admitting an
arc-transitive semisimple group G.
Γ |V (Γ )| GΓ (v)v G Construction
A1[15, 1] 3 · 5 C22 A5 L(F10)
D4 S5
A1[21, 1] 3 · 7 D4 PGL(2, 7) L(F14)
A2[35, 1] 5 · 7 S4 A7 O(4)
S4 S7
A2[55, 1] 5 · 11 A4 PSL(2, 11) Y(5, 11; 2, 0)
S4 PGL(2, 11)
A2[91, 1] 7 · 13 A4 PSL(2, 13)
A2[91, 2] 7 · 13 A4 PSL(2, 13)
S4 PGL(2, 13)
A2[253, 1] 11·23 S4 PSL(2, 23)
Theorem 1. Let Γ be a tetravalent arc-transitive graph of order 2pq where p and q are odd and distinct primes. Then one of the
following holds:
(a) Γ is arc-regular and appears in [32];
(b) Γ is isomorphic to the lexicographic product Cpq[2K1] of the cycle Cpq and the edgeless graph on two vertices 2K1;
(c) Γ admits an arc-transitive semisimple group of automorphisms and is isomorphic to one of the graphs in Table 1;
(d) Γ is either D(F14) on 42 vertices described in Section 1.1 or one of the graphs A[182, 1] or A[506, 4] from [20].
1.1. Descriptions of graphs
Graphs denoted by A1[n, i] or A2[n, i] in Tables 1 and 2 can be found in the online census of arc-transitive graphs [21]
under the name AT4val[n, i] or in the census of tetravalent 2-arc-transitive graphs up to 512 vertices [20] under the name
A[n, i], respectively. The alternative description of some of the graphs in Tables 1 and 2, given in the column ‘‘Description’’,
comes from [30]. Graphs in Table 2 are of order pq (rather than 2pq) and are used in the proof of Theorem 1 in the casewhere
a graph of order 2pq is reduced to a graph of order pq in the quotient method.
Given a graph Γ , the line graph L(Γ ) is the graph whose vertices are the edges of Γ with two edges adjacent if and only
if they share an endvertex in Γ . Following [30], the dart graph D(Γ ) of Γ is the graph whose vertices are the arcs (u, v) of
Γ with two arcs (u, v) and (v,w) adjacent whenever u andw are distinct neighbours of v. The canonical 2-cover cdc(Γ ) of
a graph Γ is the graph with the vertex set V (Γ )× Z2 with (v, i) adjacent to (w, i+ 1) if and only if {v,w} is an edge in Γ .
The odd graph O(n) is the graph with the vertex set being the set of (n− 1)-subsets of Z2n−1 with two such subsets adjacent
if and only they are disjoint. The graphY(5, 22; 5, 11) from Table 1 is a member of the family of graphsY(m, n; r, t), which
is described in [17].
In both tables, F10 denotes the Petersen graph, while in Table 1, F28 is the Coxeter graph and in Table 2, F14 is the
Heawood graph (see [7]). The graphs A2[91, 1] and A2[91, 2] in Table 2 are the two arc-transitive coset graphs of PSL(2, 13)
with respect to the subgroup A4; note that PSL(2, 13) contains only one conjugacy class of subgroups isomorphic to A4
and that the action of PSL(2, 13) on the cosets of A4 is primitive of degree 91 and gives rise to two non-isomorphic arc-
transitive tetravalent graphs. Moreover, the graph A2[182, 2] is isomorphic to the canonical 2-cover of A2[91, 2]. Similarly
the graphs A2[506, 1], A2[506, 2] and A2[506, 3] in Table 1 are the 2-arc-transitive coset graphs of PSL(2, 23) with respect
to the subgroup A4. Finally, T2162 is a graph on 2162 vertices (and thus too large to be included in either of the existing
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censuses) which admits a 2-arc-transitive group PSL(2, 47); it can be found by computation with Magma [1] that it is the
unique tetravalent 2-arc-transitive coset graph of PSL(2, 47) with respect to the subgroup A4. Note that the two conjugacy
classes of A4 in PSL(2, 47) are merged under conjugation by PGL(2, 47); hence one can choose any copy of A4 in PSL(2, 47).
All tetravalent graphs admitting an arc-transitive action of a two-dimensional projective special linear group, including the
ones that we mentioned, have been determined in [11, Proposition 5.1].
2. Tetravalent graphs admitting an arc-transitive semisimple group
It will be convenient to consider pairs of graphs and groups acting on them; a pair (Γ ,G)will represent a connected graph
Γ together with a group of automorphisms G. Moreover, we will say that a pair (Γ ,G) is arc-transitive, 2-arc-transitive or
arc-regular whenever the action of G on Γ is arc-transitive, 2-arc-transitive or arc-regular, respectively. For a graph Γ , a
vertex v of Γ and a group G ≤ Aut(Γ ), we denote the neighbourhood of v in Γ with Γ (v) and the permutation group
induced by the action of the vertex stabilizer Gv on Γ (v)with GΓ (v)v . For a pair (Γ ,G) and a normal intransitive subgroup N
of Gwe can construct the normal quotient graph ΓN as follows: the vertices of ΓN are the orbits of N (which are also blocks of
imprimitivity for G), while two orbits V andW are adjacent if and only if there exist v ∈ V and w ∈ W which are adjacent
in Γ . Given a set of primes π , we will say that a group G is a π-group whenever every prime divisor of the order of G is in π .
Let p and q be two distinct, odd primes, let ϵ ∈ {0, 1} and let (Γ ,G) be an arc-transitive pair with Γ tetravalent and of
order 2ϵpq.
If (Γ ,G) is 2-arc-transitive, then by [29] the order of Gv divides 2436, and in fact, by [20], the order of Gv is one of the
following integers: 223, 233, 2232, 2332, 2432, 2433 or 2436. Thus the following condition on the order of Gmust hold:
|G| = 2α+ϵ · 3β · p · q, (1)
where (α, β) ∈ {(2, 1), (3, 1), (2, 2), (3, 2), (4, 2), (4, 3), (4, 6)}.
If (Γ ,G) is not 2-arc-transitive, then GΓ (v)v is isomorphic to C4, C
2
2 or D4. In this case, the connectivity of Γ implies that
the vertex stabilizer Gv is a 2-group and hence the order of the group G satisfies the condition
|G| = 2γ+ϵ · p · q, (2)
where γ ≥ 2. The following theorem describes arc-transitive graphs of order 2ϵpq, ϵ ∈ {0, 1}, admitting an arc-transitive
semisimple group.
Theorem 2. Let p and q be distinct, odd primes, let ϵ ∈ {0, 1} and let Γ be a tetravalent graph of order 2ϵpq. If Γ admits an
arc-transitive semisimple group G, then G has a unique minimal normal subgroup T , which is simple, and G embeds into Aut(T ).
Moreover, Γ is isomorphic to one of the graphs in Table 1 (if ϵ = 1) or Table 2 (if ϵ = 0). Either (Γ ,G) is 2-arc-transitive, or T
is isomorphic to PSL(2, 7) or A5.
Proof. From [2, Theorem4.3A (iii)] it follows that anyminimal normal subgroup ofG is isomorphic to T k for somenonabelian
simple group T . If k > 1, then conditions (1) and (2) imply that T is a {2, 3}-group and thus solvable by the well-known
theorem of Burnside. By this contradiction, k = 1 and every minimal normal subgroup of G is a nonabelian simple group.
Suppose now that G has two distinct minimal normal subgroups M and N , which are simple and nonabelian. Since in
this case ⟨N,M⟩ ∼= N × M , the order of G is divisible by |M||N|. If pq divides the order of one of N and M , then, in view
of conditions (1) and (2), the other one is a {2, 3}-group and thus solvable. In view of this contradiction we may therefore
assume that N is a {2, 3, p}-group andM a {2, 3, q}-group. The only nonabelian simple groups whose orders are divisible by
only three primes are, by [10, Chapter 1.1.],
A5, A6, PSL(2, 7), PSL(2, 8), PSL(2, 17),
PSL(3, 3), PSU(3, 3) and PSU(4, 2).
(3)
The only two direct products of two of these groups with order dividing 2536pq are A5 × PSL(2, 7) and A5 × PSL(2, 8). Note
that in both these cases we have {p, q} = {5, 7}; however, as can be easily checked in the census of arc-transitive tetravalent
graphs available online [21], none of the automorphism groups of graphs on 35 and 70 vertices have a subgroup isomorphic
to A5 × PSL(2, 7) or A5 × PSL(2, 8). This contradiction shows that G has a unique minimal normal subgroup T , which is
simple and nonabelian. The centralizer CG(T ) is a normal subgroup of G and thus contains a minimal normal subgroup of
G. Since G has only one minimal normal subgroup, namely T , T is contained in CG(T ). However, since T is not abelian, the
intersection of CG(T ) with T is trivial and hence, CG(T ) is trivial. Thus the kernel of the action of G on T by conjugation is
faithful and G can be embedded into Aut(T ), as claimed.
Let us first consider pairs (Γ ,G) such that the order of the minimal normal subgroup T of G has only three prime factors
(see (3)). If G satisfies condition (2), then either T ∼= A5 or T ∼= PSL(2, 7), in which case max{p, q} ≤ 7 and hence Γ is of
order at most 70 and thus contained in the online census of arc-transitive tetravalent graphs [21]. Wemay now assume that
the order of G satisfies (1). Then T is one of A6, PSL(2, 8), PSL(2, 17), PSL(3, 3) and PSU(3, 3), the order of Γ is at most 102
and thus Γ is contained in [20] (see also [22,23]).
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From now on, we only consider groups T with four prime factors. The table of known simple groups from [10, Table 2.4.,
p. 135–136] yields few potential candidates for T such that G satisfies condition (1). Let r be a prime. Adopting the notation
from [10, Table 2.4.], the order of groups T ∼= G2(rk) is divisible by r6, which violates the condition (1) unless rk = 3; in
this case the order is divisible by 26. Similarly, the orders of groups T ∼= 2B2(22m+1) are divisible by 26. The only alternating
group An, n ≥ 5, whose order divides 2536pq and has four prime factors is A7, while the only sporadic group whose order
divides 2536pq is M11. The orders of groups belonging to all other families (with the exception of PSL groups) are divisible
by a seventh power of some prime.
It remains to examine the case where T ∼= PSL(n, rk) for some prime r such that the order of T has exactly four prime
factors. Note that then r
kn(n−1)
2 divides |T |. It is easy to verify that if n ≥ 3 or if T ∼= PSL(2, 3k) then either T has less than
four prime factors or the order of T is too large for G to satisfy the condition (1). We have now reduced the remaining case
to T ∼= PSL(2, rk) for r ≠ 3. Since (Γ ,G) is a 2-arc-transitive pair where T ≤ G ≤ Aut(T ), then by [11, Theorem 1.1] r is
odd and thus at least 5. Since |V (Γ )| is square free and |T | = 12 (rk − 1)rk(rk + 1), it follows that k = 1, and by the same
theorem, either Gv ∼= A4, or Gv ∼= S4 and r ≡ ±1 mod 8. Without loss of generality we may assume that T ∼= PSL(2, q) and
that either T = G or G = PGL(2, q). Now one of q− 1 or q+ 1 is divisible by 2pwhile the other is of the form 2k3l for k ≤ 4
and l ≤ 6, which gives a finite set of possibilities for q to test. After dividing the order of G by 12 or 24, the result should be
of the form 2ϵpq, ϵ ∈ {0, 1}, giving us the candidates 11, 13, 23 and 47. Finally it is possible to check withMagma that there
is no graph of order pq admitting an arc-transitive action of PSL(2, 47).
Suppose that Γ admits a 2-arc-transitive action of G, where T ≤ G ≤ Aut(T ) and T is isomorphic to one of the groups
with three prime factors listed in (3), to the alternating group A7, to theMathieu groupM11 or to one of the projective special
linear groups PSL(2, 11), PSL(2, 13), PSL(2, 23) or PSL(2, 47). In all of these cases except for T ∼= PSL(2, 47), the graph Γ
has less than 512 vertices and is therefore included in the census [20]. In the case where T ∼= PSL(2, 47) it is possible to
generate Γ with Magma using standard algorithms. Note that if Γ admits an action of G, T ≤ G ≤ Aut(T ), which is not
2-arc-transitive, then the order of G can have at most three prime factors and hence either T ∼= A5 or T ∼= PSL(2, 7).
Moreover, as we have previously observed, Γ is contained in the online census of arc-transitive tetravalent graphs [21]. At
this point it is possible to obtain Tables 1 and 2 by testing the automorphism groups of graphs of appropriate orders in both
censuses and adding the coset graph T2162 at the end. 
3. The main result
To prove the main result, some preparatory lemmas dealing with special cases are needed.
Lemma 3. Let Γ be a tetravalent graph of order 2ϵpq, where p and q are distinct odd primes, and let the pair (Γ ,G) be arc-
transitive. Let N be an abelian, minimal normal subgroup of G of order nk where n is prime and k is a positive integer. Let K be
the kernel of the action of G on N-orbits. If ΓN is isomorphic to a cycle, then one of the following holds:
(a) n = 2, CK (N) ≠ 1 and Γ is isomorphic to Cpq[2K1];
(b) n is odd, Nv = 1 and (Γ ,G) is arc-regular.
Proof. Since N is abelian, it is contained in CK (N). Part (a) follows immediately from [8, Theorem 1.1 (a)] while from part (b)
of the same theorem it follows that N acts semiregularly whenever n is odd. Note that the orbits of the elementary abelian
group N are of size ns for some positive integer s. Since the order of Γ is square free, it follows that s = 1. Again by [8,
Theorem 1.1 (b)] the order of Kv divides 2s = 2. Since G/K ∼= Dr , where r is the number of orbits of N , the index of Kv in Gv
is 2 and since (Γ ,G) is arc-transitive, the order of Gv is 4 and (Γ ,G) is arc-regular. 
Lemma 4. Let (Γ ,G) be an arc-transitive pair and suppose that the vertex stabilizer Gv is abelian. Then (Γ ,G) is arc-regular.
Proof. First we observe that GΓ (v)v is abelian and that it acts transitively on Γ (v). In particular it acts regularly. By
connectivity of Γ , it follows that GΓ (v)v ∼= Guv , and (Γ ,G) is arc-regular. 
Lemma 5. Let (Γ ,G) be an arc-transitive pair for a tetravalent graph Γ of order pq and distinct odd primes p, q. Then either Γ
is one of the graphs in Table 2 or (Γ ,G) is arc-regular.
Proof. If G is semisimple, then it follows from Theorem 2 that Γ is isomorphic to one of the graphs in Table 2. Suppose now
that G is not semisimple and that M is an elementary abelian, minimal normal subgroup of G. The orbit vM of a vertex v is
a block of imprimitivity for G and hence its length is p, q or pq; in particular p or q divides |M|. Without loss of generality
we may assume that q | |M|. SinceM is elementary abelian it follows that if q = 3, thenM = Zk3. By [15, Theorem 1.2], no
tetravalent graph of order 3p exists. Therefore we can assume that M ∼= Zq; in particular, M is semiregular on V (Γ ) with
orbits of size q and the quotient graph ΓM is of order p. Observe that in this case Γ is an elementary abelian cover of ΓM
(see [13,14] for the general theory). To prove that (Γ ,G) is arc-regular it suffices to prove that (ΓM ,G/M) is arc-regular.
If ΓM is isomorphic to a cycle of length p, then by Lemma 3(b), (Γ ,G) is arc-regular. Now suppose that ΓM is tetravalent.
By Burnside’s result on groups of prime degree [2, Corollary 3.5B], G/M either is 2-transitive on V (ΓM) or is isomorphic to
a subgroup of the affine group Zp o Zp−1. In the latter case, the vertex stabilizer in G/M is cyclic and hence (ΓM ,G/M) is
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arc-regular by Lemma 4, and since the quotient map Γ → ΓM is a covering projection, (Γ ,G) is arc-regular. This leaves us
with the case where G/M is 2-transitive on V (ΓM). Then ΓM ∼= K5 and Γ is a cyclic arc-transitive cover of K5; these have
been classified in [12, Theorem 3.1], fromwhere it follows that G/M ∼= Z5 oZ4. Hence G/M , and therefore G, is arc-regular,
as seen above. 
Finally, we are ready to prove the main theorem. Let Γ be a tetravalent arc-transitive graph of order 2pq where p and
q are odd and distinct primes. We will prove that then the graph is (a) arc-regular and appears in [32], (b) isomorphic to
Cpq[2K1], (c) isomorphic to one of the graphs in Table 1, or (d) isomorphic to D(F14), A2[182, 1] or A2[506, 4].
Proof of Theorem 1. If (Γ ,G) is arc-regular, case (a) holds. If G is semisimple, then case (c) follows from Theorem 2. For the
rest of the proof, wemay therefore assume that (Γ ,G) is not arc-regular and thatG has an abelian,minimal normal subgroup
N . If N is not semiregular, then the valency of ΓN is a proper divisor of 4 and case (b) follows from Lemma 3 (valency 1 is
impossible since |ΓN | is more than 2). Hence we may additionally assume that N is semiregular; in particular, since |Γ | is
square free, N is cyclic of prime order.
First suppose that |N| is even and thus equal to 2. If ΓN is a cycle, then Γ ∼= Cpq[2K1] by Lemma 3 and case (b) of the
theorem holds. If ΓN is tetravalent (of order pq) then Γ is a 2-fold cover of ΓN . By Lemma 5 (ΓN ,G/N), is arc-regular or one
of the graphs in Table 2. In the former case Γ is arc-regular while in the latter |V (Γ )| ≤ 506 and Γ can be found in the
census [20]; it is possible to check with Magma that in this case either (c) or (d) holds. It remains to consider the case where
|N| is an odd prime; without loss of generality we may assume that N ∼= Zq. Thus Γ is a Zq-cover over ΓN and the quotient
map is a covering projection.
Let C = CG(N). Since N is abelian, it is contained in C . If N = C , then Gv acts faithfully by conjugation on N and hence
embeds into Aut(N). ThereforeGv is abelian and hence, by Lemma 4,G is arc-regular and case (a) holds. Thuswemay assume
that N is a proper subgroup of C . Recall that |G| satisfies either condition (1) or condition (2).
If |C : N| and |N| are not coprime, then q = 3,N is isomorphic to Z3 and 3 | |Gv|. Moreover (Γ ,G) is 2-arc-transitive
and ΓN is of order 2p. By [15, Theorem 1.2] the quotient graph ΓN is isomorphic to K5,5 − 5K2, to the nonincidence graph of
PG(2, 2) or to the incidence graph of PG(2, 3). In particular, the order ofΓN is at most 26 and, sinceΓ is aZ3-cover, the order
of Γ is at most 78. Of the three possible orders 30, 42 and 78, there is only one graph included in the census of arc-transitive
tetravalent graphs [21]: D(F14) listed in case (d) of Theorem 1.
Now suppose that |C : N| and |N| are coprime. By the Schur–Zassenhaus theorem, there exists a subgroup H isomorphic
to C/N in C such that C = N × H . Hence H , being the set of all elements of C of order coprime to |N|, is characteristic in
C and hence normal in G. Since |H| is coprime to q,H is a {2, 3, p}-group and since it is normal, its orbits must be of size
dividing 2pq. Hence the index of Hv in H is 2, p or 2p and H has at least q orbits. To prove that H is solvable, it suffices to
assume that 3 divides |H|. If so, then Hv is transitive on Γ (v) (and therefore H is locally transitive) and thus H has at most 2
orbits. Since we have already observed that H has at least q orbits, we conclude that Hv is not divisible by 3. Hence 3 divides
the index of Hv in H , from which it follows that p = 3 and that H is a {2, 3}-group, proving the claim.
The socle of H is a direct product of elementary abelian groups. In particular, it contains a characteristic elementary
abelian subgroupM , which is also normal in G. By repeating the argument abovewithN replaced byM we get case (b) of the
theorem ifM is not semiregular and case (a) or (d) of the theorem ifM is a 2-group. It remains to examine the case whereM
acts semiregularly and is not a 2-group. In this case K = N ×M ∼= Zpq is a semiregular normal subgroup of Gwith precisely
two orbits, say {U,W } on V (Γ ), which form a bipartition for Γ (since Γ is arc-transitive, there can be edges inside either U
orW ).
Observe the action ofGv onK by conjugation. If this action is faithful, thenGv embeds intoAut(N×M) ∼= Aut(M)×Aut(M)
and is therefore abelian. By Lemma 4, (Γ ,G) is arc-regular and case (a) holds. On the other hand, if the action of Gv is
not faithful, there exists c ∈ CGv (K) acting trivially on U and mapping w ∈ W to some other vertex w′ ∈ W . Since the
neighbourhood of any vertex inW is contained in U , these two vertices have the same neighbourhood; a graph with such a
pair is said to be unworthy. By [24, Lemma 4.3], it is isomorphic to Cpq[2K1] and case (b) holds. 
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